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Abstract. A justification of heterogeneous membrane models as zero-thickness limits of a cylindral three-
dimensional heterogeneous nonlinear hyperelastic body is proposed in the spirit of [15]. Specific characterizations
of the 2D elastic energy are produced. As a generalization of [3], the case where external loads induce a density of
bending moment that produces a Cosserat vector field is also investigated. Throughout, the 3D-2D dimensional
reduction is viewed as a problem of I'-convergence of the elastic energy, as the thickness tends to zero.
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1 Introduction

The purpose of this article is to study the behavior of a thin elastic plate, as the thickness tends to
zero. This approach renders more realistic the idealized view of a film as a thin plate. The originality of
the work comes from the heterogeneity of the material under consideration. Previous results have been
established in the homogeneous case ; our aim here is to generalize those. As we will see, accounting for
inhomogeneity leads to technical difficulties linked to the equi-integrable character of the scaled gradient.
We will use a “classical” approach of the theory of dimension reduction. In recent years, the investigation
of dimensional reduction has focussed on variational methods and used De Giorgi’s I'-convergence (see
[5] and [8]) as its main tool.

As far as 3D-2D asymptotic analysis is concerned, the seminal paper is [15], in which a membrane
model is derived from three-dimensional hyperelasticity. In its footstep several studies have derived or
re-derived various membrane-like models in various settings; see in particular [6] and references therein;
note that in Section 3 of that paper, a transversally inhomogeneous thin domain is studied, but that
in-plane-homogeneity is imposed. Because of frame indifference, it may occur that the membrane effect
is not excited by the loads : this is the case for example when the lateral boundary conditions on the
thin domain are compressive (see e.g. Theorem 6.2 in [13]). Then the membrane energy, which results
from a 3D-energy of the order of the thickness ¢, is actually zero and lower energy modes are activated.
In [11], a justification of classical nonlinear plate models for a homogeneous isotropic material is given
by a formal asymptotic expension. Recently, those results have been rigorously justified by means of
variational methods for general homogeneous hyperelastic bodies. A Kirchhoff bending model in [12] and
[13], and a Féppl-von Kdrméan model in [14] have been obtained when the 3D-energy scales respectively
like €3 and &°.

The present study falls squarely within the membrane framework in the sense that, thanks to frame
indifference, the stored energy function depends only on the first fundamental form of the deformed
plate mid-surface. Our goal is to rigorously derive models for heterogeneous membranes from their
heterogeneous thin 3D-counterparts. The paper is devoted to a generalization of the results established
in [15], [6] and [3] to the case of a general inhomogeneity.



The key ingredient of this study is the equi-integrability theorem of [2] (Theorem 1.1 of that reference).
An alternative proof of that theorem was also communicated to the authors [4]. This theorem shows that
a sequence of scaled gradients {(DaugnguE) }, which is bounded in LP(Q;M3*3), with p > 1, can be
decomposed into the sum of two sequences {w.} and {z.} where {|(Dqw.|%Dsw.) |p} is equi-integrable
and z. — 0 in measure.

Let w be a bounded open subset of R2. Consider Q. := w x (—¢,¢), the reference configuration of a
hyperelastic heterogeneous thin film, with elastic energy density given by the e-dependent Carathéodory
function W, : Q. x M3*3 — R. We will assume e.g. that the body is clamped on the lateral boundary
I'; := 0w x (—¢,¢€) and that it is submitted to the action of surface traction densities on ¥, := wx {—¢,¢}.
The total energy of the system under a deformation u : Q. — R? is given by

E(E)(u):/Q Ws(ac;Du)dx—/Q fg.ualft—/Z geudH?,

where H? stands for the 2-dimensional surface measure, f. € L”/(QE;R?’) denotes an appropriate dead
load and g. € L* (2.;R?) some surface traction densities (1/p+ 1/p’ = 1). We denote by W;;p(QE;R?’)
the space of kinematically admissible fields, that is the functions in W1P(Q.;R3) with zero trace on T'..
As is classical in hyperelasticity, the equilibrium problem is viewed as the minimisation problem

inf E(e)(u).
u—zEWll;p(Qs;RS)

Since the integration domain depends on &, we reformulate the problem on a fixed domain through a
1/e-dilatation in the transverse direction x3. Let x, the vector (1, 72) € w, we set v(zq, ) := u(Ta, T3)
and & (v) := 1€(e)(u), then

£.(v) = /Q W, (mE;Dav(x)‘ing(x)) do — /Q fs(xe).v(x)d:v—é /Z g (22)0(2)dH2,

where z. := (zqa,ex3). We set Q :=w x (=1,1), ¥ := w x {—1,1}, denote by D,v the 3 x 2 matrix of

partial derivatives g;’a (i € {1,2,3}, a € {1,2}) and by (F|z), the two first columns of which are those

of the matrix F € M3*?, while the last one is the vector z € R3. A formal asymptotic expension in [11]
shows that the membrane theory arises if the body forces is of order 1 and the surfaces loadings is of
order e. We next assume that

WE(Jja,Emg;F) = W(J?a,xg;F)7
fs(xa7€x3) = f(xomIS)v
ge(xavst) = gO(xouxB) +Eg((£a,.’t3)

where f e L (Q;R3), go, g € L (3;R3) and W : Q x M3*® — R is a Carathéodory function satisfying
conditions of p-coercivity and p-growth : for some 0 < 3 < 3 < 400 and some 1 < p < oo,

BIF[P <W(x; F) < B(|FIP +1), F € M**3 for a.e. €. (1.1)

The usual Euclidian norm on the space MY %™ of real N xm matrices is denoted by | F'|. The minimisation
problem becomes
inf E-(v), (1.2)
v—z. EWEP (R3)
where WP (Q;R3) stands for the functions in W'?(Q;R3) with zero trace on the lateral boundary
I':=0wx(-1,1).
If we denote by g (resp. gF) the trace of g (resp. g) on w x {£1}, in view of Remark 3.2.3 of
[11], the loading vectors gar and g, must satisfy gar + gy, = 0. In the second section, we assume the



stronger condition that gar =gy = 0. The physical implication of this assumption is that the plate of
thickness 2e cannot support a non vanishing resultant surface load as the thickness € goes to zero. We
generalize here the result of [15] and [6] to a general inhomogeneity. In the third section, we address
the general case of admissible surface loadings. It deals with a similar problem, in which the class of
surface forces generates a bending moment density as in [3]; the limit behavior is not solely characterized
by the limit deformations (a R3-valued field defined on the mid-plane), but it also involves the average
of the Cosserat vector also defined on the mid-plane. Once again, we generalize the result of [3] to the
inhomogeneous case. The fourth and last section demonstrates that the classical membrane model can
be seen as a particular case of the Cosserat model when the bending moment density is zero.

As for notation, A(w) is the family of open subsets of w; £V stands for the N-dimensional Lebesgue
measure in RY (N=2 or 3); — always denotes strong convergence whereas — (resp. —) denotes weak
(resp. weak-*) convergence. Finally, we loosely identify LP(w;R3) (resp. WP(w;R3)) with those func-
tions in LP(Q;R3) (resp. WLP(Q;R?)) that do not depend upon z3.

2 Classical nonlinear membrane model

In this section, we assume that g. = £g with g € L?' (2;R?). Thus, the minimisation problem (1.2)

becomes .
inf {/ W (x;Dav D3v> dx —/ fudx — / g.vdHQ}.
v—z EWLP(QR3) (JQ € Q b

Define for any (u; A) € LP(;R?) x A(w),

/ w <x;Dau 1D3u> dr ifue WHP(A x (—1,1);R?),
Je(us A) = TAXELY :
400 otherwise,
and
Jiey(u; A) = inf {nm inf Jo(ue; A) s ue — uin LP(A x (—1, 1);R3)} . (2.1)
{uE} e—0

Remark 2.1 For any A € A(w), Jio3(u; A) = +oo whenever u € LP(;R?) \ WHP(A;R?), as is easily
seen in view of the definition of J., together with the coercivity condition (1.1) .

By virtue of Remark 2.1, together with Theorem 2.5 in [6], for all sequences {e}, there exists a subse-
quence {e,} such that Jy. y(.; A) defined in (2.1) is the I'(LP)—limit of J., (.; A). Further, there exists a
Carathéodory function Wi,y : w x M?*2 — R such that, for all A € A(w) and all u € WP(A;R?)

J{gn}(u; A) = 2/ W{En}(l’a; Dau)dxa.
A

Remark 2.2 Lemma 2.6 of [6] implies that J¢. j(u;A) is unchanged if the approximating sequences
{ue,, } are constrained to match the lateral boundary condition of their target, i.e. u., =u on 9Ax(—1,1).

From now onward, we will assume that {e,} denotes a subsequence of {e} such that the I'(LP)-
limit of J., (u; A) exists, in which case it coincides with Ji., }(u; A). Under the hypothesis that W is a
homogeneous elastic energy density, it is proved in [15], Theorem 2, that .Ji. 1(u; A) does not depend
upon the choice of the sequence {e,}. It is given by

Jie,y(w; A) = 2/ QW (Dyu)dz,,
A



with for all F € M?3%2, B .
W(F):= inf W(F|z),
z€R3

and,

OW(F) := inf W(F + Dy¢)dz,,
PEW, P (Q'R?) J

where Q' := (0,1)2, and QW is the 2D-quasiconvexification of W. This result was extended to the case
where W is also function of 3 in [6], Theorem 3.4. It is proved there that, in such a case, Jy. y is given
by

J{En}(U; A) - QAE(D(XU)CLIOM
with for all F' € M3*2,
— 1 o
W(F) := inf {7/ W (23; F + Do¢|LD3¢)dxodrs : L >0,
Lo 12 Jqrx(-1)
¢ € WhP(Q x (~1,1);R%), ¢ = 0 on 9Q' x (-1, 1)}.

We wish to extend those results to the case where W is a function of both z3 and z,. We set, for all
F € M?*2 and for a.e. 29 € w,

_ 1 _
W(zo; F) = inf{ / W(xg,z3; F + Do@|LDs¢)dxodxs : L > 0,
L,p 2 Q' x(—1,1)
b e WIP(Q x (—1,1):R3), ¢ = 0 on Q' x (1, 1)}. (2.2)

The following theorem holds :

Theorem 2.3 For all F € M3*? and for a.e. g € w, W{En}(xo;F) = W(wo; F) where W is given by
(2.2). Furthermore, for any A € A(w), J-(; A) T(LP)-converges to Ji.y(.; A) and for all u € LP(;R?),

2/ W(2a; Dou)dr,  if u € WHP(A;R3),
J{E} (u; A) = A

400 otherwise.

The proof of this Theorem is a direct consequence of Lemmata 2.4, 2.5 below.

Lemma 2.4 For all F € M?*2 and for a.e. zo € w,

Wie,y (20, F) = W (xo, F).

Proof. Let us fix F € M3*2 we set u(x,) := Fx, and let 2o be a Lebesgue point of both W{En}(.;F) and
W(.; F). We denote by Q’(xg,7), the cube of R? of center xy and side length r, where r > 0 is fixed and
small enough so that Q'(zo,r) € A(w). According to the equi-integrability Theorem (Theorem 1.1 in [2]),



there exists a subsequence of {¢,} (not relabelled) and a sequence {u, } C WhP(Q'(zq,r) x (—1,1); R3)
such that

Uup — 01in LP(Q'(wg,7) X (—=1,1); R3),

(| (2o )

— 1
T,y (u; Q' (xo, 7)) = lim W <xwx3;F+Daun —
Q' (zo,r)x(—1,1) En

n—-+4oo

P
} is equi-integrable,

D3un> dxodxs.

Set )
F,(z) = (F+ Dy (z) -

For any h € N, we cover Q'(zo,r) with h? disjoints cubes Q;p, of side length r/h. Thus Q'(zo,7) =
U?; Q;,h and

ooy (w: @ (20, 1) = (limsup) 1imsup2 / / W (z: Fy(2))da. (2.3)

h—+oo n—-—4oo =1 ><( 11

Since W is a Carathéodory integrand, Scorza-Dragoni’s Theorem (see [9], Chapter VIII) implies the
existence, for any 7 > 0, of a compact set K, C €2 such that

LY\ K,) <, (2.4)
and the restriction of W to K, x M3*3 is continuous. For any A > 0, define
Ry = {x € Q'(x0,7) x (=1,1) : |Fy ()] < A}.

By virtue of Chebyshev’s inequality, there exists a constant C' > 0 — which does not depend on n or A —
such that o

£3(Q (w,7) x (~L D]\ RY) < 1.

Denoting by W the continuous extension of W outside K, x B(0,)\) (defined e.g. in Theorem 1, Section
1.2 in [10]), W is continuous on R? x M®*3 and satisfies the following bound

(2.5)

0< W™ z; F) < max W <B(1+ M) forall (v;F) € R® x M>*3. (2.6)
K,xB(0,\)

In view of (2.3), we have

Jie,y (u; Q' (zo, 7)) > limsuplimsuplimsuplimsupZ/ WA x; Fy(z))d.
A—too  7—0  h—doo n—+oo [T (=1, D)INRANK,

By virtue of (2.6) and (2.4),

hZ
/ W a; Fy(z))dz < (1 + XP)p — 0,
= Q) < (—1)INRNK, =0

uniformly in (n, h). Therefore

Jien 3 (u; Q' (20, 1)) > lim sup lim sup lim sup lim sup Z / WA (z; F(2))de.

A—+o0o0 n—0 h—+oo n—+o0 i—1 i ,LX(—l,l)]ﬁR;\L



Since W is continuous, it is uniformly continuous on Q x B(0, \). Thus there exists a continuous and
increasing function w,, \ : Rt — R™ satisfying w, »(0) = 0 and such that

(WA a; F) = W y; G)| S wya(lz =y +F = G), V¥ (a;F), (;G) € 2 x B(0, ). (2.7)
Consenquently, for all (x4, 3) € [Q] ), x (=1,1)] N R, and all y, € Q; ,

|WU’A(£BQ,ZL'3;FH(ZL’Q,ZL’3)) - Wn’A(yomxii;Fn(xa;xS)” S wn,)\(|1’o¢ - ya‘) S Wn,A(C/h)~

We get, after integration in (x,y,) and summation,

sup —/ / W (g 255 Fo () — WA (@ 235 Fo ()| d 5 dye
;7’2 L {P&n[cz x(—n)]’ ( ) ( )

< 2r%w, \(¢/h) ——— 0.

h—+o0

Hence,

Jient (w5 Q' (z0,7)) =

lim sup lim sup lim sup lim sup Z / { /
i (@5,

W”’)‘(ya, x3; Fn(m))dac} dye,.
A—4+o0 n—0 h—+oo n—+oo i1

—-1,1)]NR)

i,h l

Define the following sets which depend on all parameters (77, N, h,n)
E = {(yaaxcwxi%) € Q;,h X Q;,h x (_17 1) : (ya,ﬂfg) € K”] and (Z‘a,.rg) € R2}7
E1 = {(Ya,Ta,T3) € Q;,h X Q;,h X (=1,1) : (Ya,z3) & Ky and (zq4,73) € Rﬁl},
Ey = {(ya,xa,xg) € Q;,h X Qg,h X (713 1) : (l’a,l'g) ¢ Rz}a
and note that Q; , x Q; , x (=1,1) = EU Ey U E,. Since W and WA coincide on K, x B(0, ),

Jieny(u; Q' (20, r)) > limsup lim sup lim sup lim sup Z / W (Y, T3; F(2))dz dye

A—+o00 n—0 h—+oo n—+4o0 i1

= hmsuphmsuphmsuphmsupZTQ/Wya,xg, n(2))dz dyg . (2.8)

A—+o00 n—0 h—+oco n—+oo i—1

We will prove that the corresponding terms over E; and Fy are zero. Indeed, in view of (2.4) and the
p-growth condition (1.1),

h? h?
Z W (Yoo, T35 F(2))dadye < Z 7 L2Q0) L2([Qip x (L DI\ Ky) B(L+AY)
i=1
= B+ N)L3([Q (xo, ) x (1, 1)] \ Ky)
< B+ Ny —0, (2.9)
17—?
uniformly in (n, k). The bound from above in (1.1), the equi-integrability of {|F},|"} and (2.5) imply that
B2 o2
Z [ W ass Fu@ndy, < 3075 £2@0 5 [ (1 + Fa(e)P)da
i=1 r Q) < (=1, D)\R)
- / (1+|Fo(2)[P)dz —— 0,  (2.10)
[Q" (o) x (~L\R) Ao



uniformly in (n,n, k). Thus, in view of (2.8), (2.9), (2.10), Fatou’s Lemma yields

Jie,y (4 Q' (wo, 7)) > hmbuphmbupzrzf {/ ( )W(ya,xs;Fn(x))dﬂi}dya
’ nghx —-1,1

h—+oco0 n—-4oo i—1

h2
> limsup lim inf —/ / W (Yo, 35 Fr(x))dx § dye,
h—+00 THJFOOZ 2 - { LR X(=1,1)
> limsup / 1iminf/ W (Yo, 233 Fr(z))dz 3 dye,
s [, fm
We apply, for a.e. yo € Q] j,, Theorem 3.1 in [6] to the Carathéodory function (z3; F') — W (ya, 3; F);

in particular

.. 22
lim inf W (Yo w35 Fu(w))de 2 = W (ya; F).
x(—1,1)

n—-+00

Thus

22 —
Jie,y (u; Q' (20, 7)) >hmsupz / . (ya,F)dya:2/Q( )w(ya;F)dya.

h—+o0 i—1
Dividing both sides of the previous inequality by r? and passing to the limit when r \, 0%, we obtain

W{en}(.’bo; F) Z w(.’to,f)

Lemma 2.5 For all F € M3*? and for a.e. 29 € w,

W{an}(xm ) W(x07 )

Proof. For all k > 1, let Ly > 0 and ¢}, € WH*(Q' x (—1,1); R3) with ¢, = 0 on dQ’ x (—1,1) be such
that

1 _ 1
Zy(xo; F) := 5/ o W (zo,x3; F + Do@r| L Dspr)dzqdrs < W(xg; F) + T (2.11)

This is legitimate because of the density of W'°(Q" x (—1,1); R?) into W'P(Q" x (—1,1); R?) and
the p-growth condition (1.1). We extend ¢y, to R? x (—1,1) by Q’-periodicity and set Fy(z) := (F +
Do (2)|LiDsgi (). Then, there exists My > 0 such that

| Fll oo (2 x (—=1,1)r3) < M. (2.12)

Let F' € M3*2 and z be a Lebesgue point of W(.; F) and Z(.; F) for all k > 1. We choose r > 0 small
enough such that Q'(zo,r) € A(w). Fix k > 1 and set

u(ry) = Frg,
k = Lo
s = Fz, Lyen ’ .
Uy (Tor, T3) To + Lienpr (Lkﬁn x3>




k

Since uf ——— w in LP(Q'(wo,7) x (—1,1); R3),

n—-+oo

ey (u; Q' (zo,7)) < liminf/ w (J;a,xg;D D3u )dmaxg
(zo,r)x(—1,1)

n—-+oo Q

= liminf/ w (J?a,xg;Fk (an,xg)> drazs.
PO JQ (o) X (~1.1) kEn

As before, we split Q'(xg,r) into h? disjoint cubes Q;p, of length r/h. Then,

X
Ty (3Q' < (liminf ) lim inf @35 iy | 7, dzaws.
{Sn}(u’Q (1‘0,7“)) — (;}Ti&) 7%21-‘,1-1202/ ><( 1,1) (J? 3 Tk (Lkgn 'T3)> Tocts

Let K, be like in Lemma 2.4 and W"* be a continuous extension of W outside K,, x B(0, M) which
satisfies the analogue of (2.6) with M}, instead of A. In view of the p-growth condition (1.1), (2.12) and
(2.4), we get

h2

wd [

W <.€Ca,’133;Fk (maaxii)) dIaﬂig S 6(1 + M/f)n — 0.
X(—1,1)]\K, Lien =0

zh

Thus,

J{En}(u; Q/(ffo, T))

IA

x
lim inf lim inf lim inf / Wk <xmx i F ( Tz )> dxar
n—0 h—+4o0 n—+00 Z : —1,1)NK, Btk Liey, 3 3

xX
lim inf lim inf lim inf Wk zy, 2q; Fp [ —2—, dz o3
EEe :IBE;QZ / T (m " k(Lken x)) e

Since W"* is continuous, it is uniformly continuous on Q x B(0, M},). Thus, there exists a continuous
and increasing function w;,  : RT — RT satisfying w,, 1(0) = 0 and the analogue of (2.7), replacing A
by Mp. Then, for every (zq4,73) € Q} ), x (—=1,1) and every y, € Q; ,

Wk ( 2, 235 Fy, Lo w3 ) ) = Wy, 235 F, Lo , T3
Lkn Lkn

Integration and summation yield in turn

h? B2

su E —

neIN)I. r2 /f. //. -
i=1 ih P x(=1,1)

IN

IN

w777k(|xoc - yal)

wy.k(c/h).

IN

Wn’k(youxfi;Fk (

Ty k Lo
y L3 - W (xa7$3;Fk y L3
Lkgn Lkrgn

d:c} dya,

S 2T2wn’k(C/h) m 0.
Hence,
ey (u; Q' (w0, 7)) <
h2
. . .. h? k Lo
lim inf lim inf lim inf — W (yg, 235 Fi, | ——, o3 | degdrs p dys.
n—0 h—+oco n—+o00 P T ;',,h Q;,h,x(_l’l) Lk(?n



According to (2.6) and (2.4),

s W (g, ;B [ =22, )d dxs » dz,, < B(1+ MP 0.
n‘égz / {/ e (L R

Since W"* coincides with W on K, x B(0, M},), we get
J{En} (u Q/(xo’ T))
Lo
< liminf liminf1 f W (Yo, x3; Fr | ——, dyedzs p dzg
im g i fnf ;H;OZ ], { [ O } ’

h® 55

- h
< lim inf — limsup
h—+o00 i—1 T n—+oco ’ , Q'

zh

W(ya7z3§Fk< To 7$3> dyodxz p dxg.
x(=1,1) Lien

Riemann-Lebesgue’s Lemma applied to the Q’-periodic function fQ, (=1,1) W (Yo, 35 Fr (-, x3))dyades
i h »
implies that

Tiewy (1:Q (w0, 1)) < lim mfz i / (o Py = 2 / Zi (s P
QI(J;07T')

Dividing both sides of the inequality by 72 and letting r \, 0, we get in view of the definition of zy and
(2.11),

_ 1

Wie 1 (0; F) < Zi(xo; F) < W(xo; F) + %
Passing to the limit when k 7 +o00 yields the desired result. O
Proof of Theorem 2.3. For a.e. xp € w and for all F € MP**2, Wy, y(20; F) = W(xo; F). Since the

I'(L?)-limit does not depend upon the choice of sequence {,}, appealing to Proposition 7.11 in [5] we
conclude that for any A € A(w), the whole sequence J.(.; A) I'(LP)-converges to Ji.}(.; A) and we have,

Jiey(u; A) = 2/ W (2zo; Dou)dzy,
A
for all u € WHP(A;R3). O

Remark 2.6 Proposition 4.1 gives another expression for the energy density W.

Remark 2.7 By construction and thanks to Remark 3.3 of [6], Theorem 2.3 generalizes both Theorem
2 of [15] and Theorem 3.4 of [6].

3 Cosserat nonlinear membrane model

In this section, we assume as in [3] that g. := go + &g with gg, g € LPI(E; R?) and g + g, = 0. Thus,
the minimisation problem (1.2) reads as

inf {/ w (m;Dav 1
v—z€Wr P (QR%) Lo €

D3v> da — Ls(v)} :



with

g

+ _ —_
L.(v):= /Qf.vdgc—i—/zg.vd’l-[2 —|—/gar. (H> dze, vE(24) := v(2a,£1).

If v. — v in LP(Q;R3) is a minimizing sequence and if b, := éngs, then

1

- - 1
L.(ve) :/Qf.vsder/Eg.vEdH?+2/g3‘.b5d1:a, where b, = 5/ be (., x3)dxs.

-1
By virtue of the coercivity condition (1.1), we deduce that the sequence {v.} is uniformly bounded in
WHP(Q;R?) and that, for a subsequence of {¢} still labelled {e}, v. — v in WP(Q;R3) and b. — b in

LP(Q;R3) with v € WP (w; R?). As previously, v is associated to the mid-plane deformation, whereas b
is the Cosserat vector. In any case, lim._,o L. (ve) = L(v,b), with

L(v,b) := / (2f+g"+g7) vdza + 2/ g5 bdz,, (3.1)

where b(z4) 1= %f_ll b(za,r3)drs and f(x,) = %f_ll f(zq,z3)dzs. The desired membrane model should
thus depend on the average, b, of b with respect to xz. Once we establish our I'-convergence result, we
will be in a position to conclude that v and b are truly independent and that the corresponding model is

a Cosserat type membrane model.
To this end, we define, for all (u,b; A) € LP(Q;R3) x LP(w;R3) x A(w),

1 . u€ WHP(A x (—1,1);R3),
_ / W x; Dau|=Dsu | dx  if 1l _
Te(u, by A) == Ax(-1,1) € 32 J_1 Dsu(., wg)das = b, (3.2)
400 otherwise,

and

J{E}(u,g; A):= inf {limiglfje(ua,ga;A) ‘ue — uwin LP(A x (=1,1); R®) and
{umbs} e

b —~bin LP(A;]R3)}. (3.3)

Remark 3.1 Let (u,b; A) € LP(Q;R3) x LP(w; R?) x A(w) and suppose that J{E}(u,g; A) < 4o00. Arguing
as in Remark 2.1, we deduce that u € W'P(4;R?). Hence, if u € LP(Q;R?) \ W'P(4;R?), then
j{a}(u, b; A) = 4-00.

Remark 3.2 Whenever u € W'P(4;R?), one has Ji.y(u,b; A) < 400, which is easily obtained by
considering the sequence {u.(7q,r3) := u(xy) + ex3b.(74)}, where b. € C°(A;R?) and b. — b strongly
in LP(A;R3).

Theorem 1.2 in [3] shows that, if W is a homogeneous elastic energy density, then Ji.y is the I'(LP)-
limit of J;, by which we mean, from now onward, the I'-limit with respect to, respectively, the strong
topology of LP(§; R?), and the weak topology of LP(w; R?). Furthermore, for all (u, b; A) € WP (w; R?) x
LP(w;R3) x A(w),

j{s}(u,g; A) = 2/ O*W (Dyulb)dz.,
A

10



where, for all F € M?*2 and z € R3,

— 1 —
Q*W(F|z) := inf 7/ W (F 4+ Dop|LDsp)dzodrs - o € WHP(Q' x (—1,1); R?),
L>0,¢ 2 Q' x(—1,1)

L
o(.,z3) Q' — periodic for a.e. z3 € (—1,1), 5/ Dspdr = z} .
Q'x(-1,1)

We propose to extend this result to the heterogeneous case. We set, for all F € M3*2, z € R? and a.e.
o € W,

_ 1 _
Q"W (xo; F|z) :== inf f/ OW (o, x3; F + Dow|LDsp)dx dxs
L>0,¢ 2 Q' x(—1,1)

e e WHP(Q' x (—1,1);R?), (., 23) Q'-periodic for a.e. 23 € (—1,1), (3.4)

L
and —/ Dspdx =z
2 Jorx(-1,1)

where, for a.e. z € Q and all F € M3*3, QW (z;.), the 3D-quasiconvexification of W (z;.) is defined as

OW (x; F) = inf / W(z; F + Do(y))dy
PEWFP(QiR3) JQ

with @ := (0,1). Since QW (x;.) is quasiconvex and satisfies a p-growth condition, for all Fy, F, € M3*3
and for a.e. z € (,

|QW (25 F1) — QW (2 Fp)| < B(1 + [FLP™" + | B[P~ Fy — Py (3.5)
(see [7], Lemma 2.2). Elementary properties of Q*W are summarized in the following proposition:
Proposition 3.3 i) For all (F,z) € M®*2 x R? and a.e. z9 € w,
0 < Q*W(xo; Flz) < B(FIP + || + 1). (3.6)
1) Q*W is a Carathéodory function.

Proof. Item i). We take p(x) := zx3/L as test function in (3.4) an use the p-growth condition (1.1).
Item ii). It suffices to show that Q*W (zg;.) is continuous for a.e. 29 € w. Let F,, — F and z, — z.
We first prove that Q*W (zo;.) is upper semicontinuous. For any § > 0, set L > 0 and ¢ € W1P(Q' x
(—1,1); R3) Q'-periodic satisfying £ lex(71,1) Dspdxr = z such that

_ 1 — _
Q*W (xo; Fl|z) < f/ OW (zg, x3; F + Do@|LD3p)dxodrs < Q"W (xg; F|z) + 6.
Q/x(~1,1)

The sequence {p, () := ¢(x) +x3(2, — 2)/L} is in WHP(Q’ x (—1,1); R?) and it is Q'-periodic. Further-
more, Dy = Dy, and ng,X(_l 1 Dsp,dx = z,. Since

I(F + Dap|LD3p) — (Fy + Dapn|LD3on) | oo (@ x(~1,1);m2x2) < [(Flz) = (Fal2n)| — 0

11



while {D¢p,,} is bounded in LP(Q" x (—1,1); M3*3), (3.5) together with Holder’s inequality, yields

limsup Q*W (x¢; Fi|2n) — Q"W (x0; F|2) — §

n—-+oo

1 o _
< limsup 7/ |QW (20, 235 Fo + Daon|LDsprn) — QW (20, 235 F + Da|LDse) | da
n—-+00 Q' x(—1,1)
< limsup b / (1+|(Fn+ Da@n|LD3pn) [P~ + |(F + DaSD|LD380)|p71)
n—too 2 JQix(~1,1)
X‘(F—F Da‘P‘LD?)‘P) - (Fn + Da‘ﬁn|LD3<Pn)|dx
<

p=1 p=1
isp © (14 10015 e 1o+ 1000l g1 oes )

S
n—-+00
><||(F+ Da‘P|LD3S0) - (Fn + Da@n|LD3(pn)HLT’(Q/X(fl,l);M3X3) =0

Passing to the limit when § \, 0 yields the desired upper semicontinuity. Let us prove now that
Q*W (xp;.) is lower semicontinuous. For every n > 1, choose L, > 0 and ¢, € WP(Q' x (—1,1); R3)
Q'-periodic satisfying Lz fQ/x(fl,l) D3y, dx = z, such that

1 — — 1
5 / QW(an x3; Fn + Da‘pn‘LnD3<pn)dxadm3 < Q*W(Z‘O; Fn|z7l) + =
2 Jqrx(-1,1) n

Set @n(x) = @n(x) + 23(2 — 21)/Ln, then @, € WIP(Q' x (—1,1); R3) is Q'-periodic and satisfies
LT fQ’x(—l,l) D3pndx = z. Since

I(F + Da@n|LnDspp) — (Frn + Dopn|LnD3pn) || Lo @/ x (~1,1);m3%3) < [(Flz) = (Fal2n)| — 0
while, in view of the coercivity condition (1.1), the sequences {(Dq@n|LnDsen)} and {(Dq@n|LnDsdn)}
are bounded in LP(Q’ x (—1,1); M3*3) uniformly in n, (3.5) implies that

_ 1 _
Q*W(xo; Flz) < liminf = OW (zg, x3; F + Dopn|LnD3@r)dxodrs
o 2 ik (1)

1 _
< liminf 7/ OW (zg, x3; F'y, + Dan|Ln D3y )dzqdes
Q'x(~1,1)

n—-+4oo

< liminf Q*W(xg; Fnlz,).

n—-+4oo

Thus Q*W (xo;.) is lower semicontinuous and the continuity follows. 0
We propose to establish the following I'-convergence result.

Theorem 3.4 For all A € A(w), J-(.,;A) T(LP)-converges to Jey(.,.; A). Further, for all (u,b) €
LP(Q;R3) x LP(w;R?),

B 2/ Q*W (x4; Doulb)dz, if u € WHP(A;R3),
j{s} (U7b3 A) = A

400 otherwise,

where Q*W is given by (3.4).
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We first note, as in [6] p.1374, that, if R(w) is the countable family of all finite unions of open squares
in w with faces parallel to the axes, centered at rational points and with rational edge lengths, then
there exists a subsequence {e,} C {e} such that Ji. (., .;C) is, for all C' € R(w), the I'(LP)-limit of
Ten (5 0).

Then, the analogue of Step 2 in the proof of Theorem 2.5 of [6] holds, namely

Lemma 3.5 For any A € A(w) and (u,b) € WIP(A;R3) x LP(A;R?), there erists a sequence {u,} C
WEP(A x (—1,1); R®) satisfying

Up — u in LP(A x (—=1,1); R3),

by, := % / D3y (.;23)drs — b in LP(A;R?), (3.7)

lim J., (un,gn;A):j{En}(u,B;A).

n—-+oo

Proof. The coercivity condition (1.1) implies that whenever u € W?(C;R?), we can choose the attain-
ment sequence {u,,b,}, so that (3.7) holds true. Now let us fix § > 0 and choose a subset C° of A in

R(w) such that C° C A and
5
1+ |DyulP)dz, < —.
[t <

Consider a sequence {v2} C WP(C? x (—1,1); R?) satisfying

o
n

——— win LP(C° x (—1,1); R3),

n—-+oo

v

. 1 1 _
bi = f/ngva(.,m)dxg — bin LP(C?;R3),

nEIJIrl js (1)7” bna 05) = j{sn}(ua Ba Cé)

In view of Lemma 2.2 in [3] (the proof in our context is identical to that of the homogeneous case), there
exists a subsequence of {e,} (not relabelled) and a sequence {93} in WhP(C? x (—1,1); R?) satisfying
92 = u on a neighborhood of dC% x (—1,1) such that

o win LP(C% x (—1,1);R?),

n n—-4o0o

=6
7 7 5.3
b, = 26n/ D3l (.3 3)das bin LP(C%; R?), (3.8)

n—-+oo

lim J., ( fL,bn,C > = j{an}(u,g;Cé).

n—-+o0o

=5
We extend 00 as u outside C° (and correspondingly extend b,, as 0). Since Jie,y(u,b; ) is an increasing
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set function, we have Ji. }(u,b;C?) < Ji.,1(u, b; A) and thus,

=0
lim sup limsup J;, (ﬁi, b,; A)

5§—0+t mn—+oo

=6
< limsupq lim J., <ﬁi, n;C‘s) +20 (14 [Daul?)dzq
§—0+ n—-+4oo A\C‘5
= limsup Ji., (u, b; c?)
§—0+ )
< J{sn}(uﬁg; A)

=0
< liminfliminf 7, (@5 b ~A).

5§50+ n—+00 nrem

Remark that (3.8), together with coercivity, implies that
~8 =0
[ Datp e ax (—1,1)m3x2) + b, ]| Le(asrsy < C,

=
independently of §,n; in particular, {b,} lies in a subset of L?(A;R?), which is metrizable for the weak
LP-topology. A simple diagonalization lemma (Lemma 7.1 in [6]) permits to conclude the existence of a

decreasing sequence {d(n)} \, 07 such that the sequence {u,, := @Z(")} satisfies (3.7). O

We now recall two results that will be of use in the proof of Lemma 3.10 below. Their proof can be
found in [3] in the homogeneous case and the heterogeneity does not create any additional difficulty.

Proposition 3.6 For any sequence {e} \, 0T, there exists a subsequence {e,} such that, for any (u,b) €
WP (w;R3) x LP(w; R?), the set function Ty, y(u,b;.) defined in (3.3) is the trace on A(w) of a Radon
measure, which is absolutely continuous with respect to the 2-dimensional Lebesgue measure.

By virtue of Lemma 3.5 and Proposition 3.6, we will assume henceforth that {e,,} denotes a subsequence
of {e} such that the I'(LP)-limit of J;, exists, in which case it coincides with Jy., 3, and such that, for
every (u,b) € WP (w;R?) x LP(w;R?), the set function Jy., y(u,b;.) is the trace on A(w) of a Radon
measure, which is absolutely continuous with respect to the 2-dimensional Lebesgue measure..

Proposition 3.7 For all (u,b; A) € W'P(w;R3) x LP(w;R?) x A(w), the value of Ty (u,b; A) is un-
changed if W is replaced by QW in (3.2).

Remark 3.8 If W does not depend on z,, we can show as in [3] that for all A € A(w), J-(.,.;4)
I'(LP)-converges to J.}(.,.; A) and

Jkﬂ%@@z2/QWWQw@Mm
A

for every (u,b) € WHP(A;R?) x LP(w;R?), where Q*W is given by (3.4).

Theorem 3.4 is a direct consequence of the following two lemmata.

Lemma 3.9 For all A € A(w) with A Lipschitz and for all (u,b) € WHP(A;R3) x LP(A;R3),

~mgwﬁmz2/gmw@Dw@mw
A
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Lemma 3.10 For all A € A(w) with A Lipschitz and for all (u,b) € WHP(A;R?) x LP(A;R3),

Tieny(u,b; A) < 2/ Q*W (z4; Doulb)dz,,.
A

Proof of Lemma 3.9. Let (u,b) € W1P(A;R?) x LP(A;R?). According to the equi-integrability Theorem
(Theorem 1.1 in [2]) together with Lemma 3.5 , there exists a subsequence of {e,} (not relabelled) and
a sequence {u,} C WHP(A x (—1,1); R3) such that

Up — win LP(A x (=1,1); R3),

25 / Dgun( J?3)d.133 — b m Lp(A R3)

{[(oan:

j{en}(uvg; A) = lim w (maax?);D(xun
n—=+00 JAx(~1,1)

P
} is equi-integrable,

D3un)

1
D3’U,n) dr,dxs.
En

We argue as in the proof of Lemma 2.4 with F,(z) := (Daun(m)‘%Dgun(xD and we obtain, since
W > Qow

Jre., u,b;A) > limsup / liminf/ W (ya,x3; Fr(xa, z3))drodrs p dyg
ten)( ) h— 00 zEZI EZ e J A (~1,1) ( ( )
> 11msupz / liminf/ OW (Yo, x3; Fr(To, x3))drodrs p dya,
) ih n—+00 Ai,hX(fl,l)

h—+o0 icly

where {A;}ier, denotes a finite family of disjoint open sets with diameter less than 1/h, such that
L2(A\Uier, Aip) = 0 and Cardl, = O(h?). Applying, for a.e. y, € A; n, Remark 3.8 to the Carathéodory
function (x3; F) — W (yq,x3; F), we get

j{sn (u b A) > hmsup Z ﬁ/ {2/ Q*W(ya;Dau(xa)lb(xa))dxa} dya-
A Ain Ain

h—=to0 ieT,

By Proposition 3.3 (ii), @*W is a Carathéodory integrand, thus Scorza-Dragoni’s Theorem implies the
existence, for any n > 0, of a compact set C), C A, such that

LAHANCy) <, (3.9)
and Q*W is continuous on C,, x M3*2. Let Sy := {2, € A : [(Dau(z4)b(z4))] < A}, thanks to
Chebyshev’s inequality

L2(A\Sy) < (3.10)

VR
Consequently
j{sn}(uvg; A) >
1 " —
lim sup lim sup lim sup Z A /A-mc {2/14‘ e, Q W(ya;Dau(maﬂb(ma))d:ra} Ay,
) ih n 1,h n

A—~+o0co0 n—0 h—+oo =
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Since Q*W is continuous on C,, x M3*?, it is uniformly continuous on C,, x B(0,\) thus there exists a
increasing and continuous function w,  : R* — R* satisfying w,, x(0) = 0 and for every y, € 4;, NC,
and every xo € A;, NCy NSy,

‘Q*W(yod Dau(ia)wua)) — Q"W (wa; Dau(xa)|5(xa))’ < wn)\(‘xa —Yal) < wn,)\(l/h)‘
Using the fact that £2(A; )Cardl), < C, we get

S/ Q"W (g Datl)[B(a)) — QW (i Dt b)) |
Zh hﬂC 1},00 NSx

i€ly
< Cuwpa(1/h) = 0.

——+00
Therefore,

L2(A; N Cy)

T,y (u, b; A) > limsup lim sup lim sup Z C2(A )
ih

A—+o0 n—0 h—-+oco il

/ O W (20; Dot(0) () ).
A; nNCHNSy
By virtue of the p-growth condition (3.6) together with (3.9), we get

2 m”\o)/ QWi Deulaa)Blza)dre < G+ X) 30 L (A \ Gy

i€l ) i€l
= BL+N)LAA\Cy)
< B+ M)y nv:;().

Thus, (3.9) and (3.10) yield

j{En} (ua B; A)

v

2limsuplimsup/ QW (2a; Dau(za)|b(za))dzq
A—+o0  n—0 ANC,NSy

2/,4 Q"W (xa; Dau(xa)|b(ze))dey .
(|

Proof of Lemma 8.10. The proof is divided into three steps. First, we address the case where u is affine
and b is constant; then, that where u is piecewise affine and continuous, and b piecewise constant. Finally,
we address the general case.

Step 1. Let A € A(w), we assume that

u(ro) = Fro +¢, (F,c) € MP** x R?,
b(zy) = 2, z € R3.

Thanks to the density of W1 (Q’x (—1,1); R3) into W1P(Q’ x (—1,1); R?) and to the p-growth hypothesis
( 1), for any & > 1, there exists Ly > 0 and ¢, € WhH Q’ x (—=1,1);R?) Q'-periodic satisfying
2 fQ’ Dggokdx = z and such that

_ 1 _ _
Zy(zo; Flz) := f/ QW (wo, x3; F + Dospr| Ly D3y ) degdrs < QW (xo; Flz) + -
Q'x(—1,1)
We extend ¢y, to R? x (—1,1) by Q’-periodicity. Choose r > 0 small enough so that Q'(zg,7) C A where

7 is a Lebesgue point of the Radon-Nikodym derivative of Jy. y(u, b;.) with respect to the 2-dimensional
Lebesgue measure and of Zj(.; F|z) for all K > 1. Fix k and set

u”fl(x) = Fma +c+ Ligenpr <%7 l‘3> .
LkEn
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Then,
K win LP(Q'(zo,7) x (—1,1);R3),

u
n n—-+o0o

and by virtue of Riemann-Lebesgue’s Lemma,

P(Q' (zo,r):R3 L —
/ Dyt diry = 2% / 3%( 3> diy L@ o), Ly / Diopdz—b.
2%, n—+00 2 Jorx(-1,)

So {uF} is admissible for Tieny (u, b; Q'(x0,7)) and, thanks to Proposition 3.7,

_ 1
Tieny (u,b; Q' (0, 7)) < liminf ow (ma, x3; Douk 6D3uﬁ) dxodxs.
n

o0 JQr (o) x (—1,1)

Using an argument similar to that in the proof of Lemma 2.5, with QW instead of W, we get

dj{an} (u,g; )

e (1) < 2Q*W (20; F|2).

Thus, integration over A yields

j{an}(u»E; A) < 2/ QW (xy; F|2)dz,.
A

Step 2. Assume that u is continuous and piecewise affine and b is piecewise constant on A. There exists a
partition Ay, ..., Ay of A such that u(z,) = Fizs + ¢; and b(z,) = z; on A;, for all i = 1,..., N. Thanks
to step 1, for all ¢ = 1,..., N, we have

j{en}(Fixa -+ Ciy %45 Az) S 2/ Q*W(I’Q,Fl‘zl)d.’ﬂa
A

In view of Proposition 3.6, J;., 1 (u, b;.) is a measure and we thus get

N
Z j{an}(Fixa + ¢, 245 Az)

i=1

N
22/ Q*W (x4 Fi|2i)dx,,
i=17Ai

2/ Q*W (24; Daulb)dr,.
A

Tieny (u, b3 A)

IN

Step 3. Consider A € A(w) with A Lipschitz and u € WHP(A;R3), b € LP(A;R?). There exists a sequence
{u,,} of continuous and piecewise affine functions in W17 (A4;R?) and a sequence {b,, } of piecewise constant
functions in LP(A4;R®) such that u, — u in W'?(4;R3) and b,, — b in LP(4;R®). Since Jy. (., ; A) is
lower semicontinuous, we get, in view of the previous step,

Tieny (1, b; A) < hmmfj{€ (tp, b3 A) < liminf2/ Q*W (2a; Datin |br)dzy,. (3.11)
A

n—-+oo n—-—+oo

By Proposition 3.3 and Lebesgue’s Dominated Convergence Theorem,

lim Q W (2o Datin|by)dx,, 7/ Q*W (24; Doulb)dr,,. (3.12)

n—-+oo
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Thus (3.11) and (3.12) yield
Tieny(u,b; A) < 2/ Q*W (z4; Doulb)dr,,.
A
(|

Proof of Theorem 3.4. The two previous lemmata demonstrate that, provided A € A(w) is Lipschitz, then,
for all (u,b) € WHP(A;R3) x LP(A;R?), Ty} (u, b; A) does not depend upon the choice of sequence {e,}.
Thus, in light of Proposition 7.11 in [5], the whole sequence 7 (u, b; A) T'(LP)-converges to j{a}(u,g; A)
and

j{e}(u,g; A) = 2/ Q*W (24 Dau; b)dz .
A

Whenever A € A(w) is an arbitrary open set, we define the nested sequence of Lipschitz open subsets
Ay = {zo € A : dist(xzy,0A4) > 1/k} of A, so that Ay C A and Ug>1 A, = A. Consider the sequence
{u} in WHP(A; R?) such that up = u on Ag. Since Jyy(.,.; Ag) is local and Ay, is Lipschitz,

Ty (u, by A) = Ty (uk, by Ag) = 2 QW (2o; Doug|b)dzy = 2 Q* W (24; Doulb)dz,,.
Ak Ak

But Ji.y (u,b;.) is a measure, thus, letting k /" 400,
Ty (u, by A) = 2/ Q*W (x4; Doulb)dz,,.
A
Then Remark 3.1 completes the proof of Theorem 3.4. 0

Remark 3.11 If W does not depend upon x, Proposition 1.1 (iii) of [3] states that

— 1 —
Q*W(F|Z) = inf {7/ W(F + Da(p|LD3<p)d$ad$3 LpE WLP(Q/ % (_1, 1);R3),
L>0,¢ 2 Q’X(—l,l)

L
©(.,3) Q'-periodic for a.e. x3 € (—1,1), 5/

Dspdx = z}
Q'x(-1,1)

1 _
= inf {7/ QW (F + Dogp|LDsp)dradrs : o € WHP(Q' x (—1,1);R?),
L>0.0 L2 Jqrx(-1,1)

L
o(.,z3) Q'-periodic for a.e. x3 € (—1,1), —/ Dspdx = z}
Q'x(=1,1)

In other words, the result of [3] is recovered by Theorem 3.4.

Remark 3.12 Since Q"W is the integrand of the I'(L?)-limit of J., which satisfies a p-coercivity condi-
tion (see (1.1)), for all F' € M3*2 for all z € R? and for a.e. z¢ € w,

B'(|F[P + |2]P) < Q*W (x0; F|2). (3.13)
Remark 3.13 Theorem 3.4 implies that the functional

(u,g)H/Q*W(xa;Dauw)dxa
is sequentially weakly lower semicontinuous on WhP(w;R3) x LP(w;R3). Therefore, Q*W (zo;.|2) is

quasiconvex and Q*W (zg; F|.) is convex. Thanks to the p-growth condition (3.6), Q*W (xo;.|.) is locally
Lipschitz, because it is separately convex (see Theorem 2.3 in [7])
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4 Classical membrane model obtained as a zero bending mo-
ment density

This section investigates the coherence of our results. In the absence of a bending moment density
(9o = 0), we show below that Theorem 3.4 boils down to Theorem 2.3. We first give another form of the
energy density W similar to the definition of Q*W (see (3.4)). Specifically,

Proposition 4.1 For all F € M3*? and for a.e. x¢ € w,

_ 1 _
W(zo; F) = inf {f/ OW (xg,x3; F 4+ Dap|LDsp)dzsdxs
L,p 2 Q'x(—1,1)

L>0,0€ Wh(Q x (—1,1);R3), (., 23) Q' — periodic for a.e. x5 € (—1, 1)}

Proof. Set
_ 1 _
W*(zo; F) := inf {f/ OW (zg, x3; F + Dol LDsp)dxdxs
Lo L2 Jorx(—1,1)
L>0,0€Wh(Q x (—1,1);R3), (., x3) Q" — periodic for a.e. x3 € (—1, 1)}
It is obvious that W (zq; F) > W*(zo; F). Conversely, for any § > 0, consider L > 0 and ¢ € W1P(Q' x
(—1,1); R?) Q'-periodic, such that

1 — _
f/ OW (zg,x3; F' + Dop|LDsp)dxodxs < W*(zo; F') + 9.
2 Jorx(-11)
We extend ¢ by Q’-periodicity and we set o, (x4, z3) := %cp(nxa, z3). Then, Riemann-Lebesgue’s Lemma
applied to fil W (zo,73; F + Dog(., v3)|LD3¢(., 73))dxs, implies that
1 — _
lim 7/ OW (xo,z3; F' + Dopn|LnDspy)dzodrs < W*(zo; F) + 0. (4.1)
Q'x(-1,1)

n—+o0 2
For fixed n, the relaxation theorem of [1] (see Statement II1.7 in [1])— applied to Q' x (—L%L, %) and to

n
Un(Ta, T3) := pn(Ta, Lnzs) — yields a sequence

<pn7k —_— Pn in WLP(Q/ X <_1a 1)aR3>
k— 400

such that,
/ QW(.Q?(),J??,;F—‘,- Da‘pn‘LnD?)SOn)dxadx?)
Q'x(=1,1)
= lim W (20, 23; F 4+ Dopn k| LnD3pp i )dzodrs. (4.2)
k—+o00 Q'x(—1,1)
Thus (4.1) together with (4.2) give

1 — _
lim lim 7/ W(zo,23; F + Dapn k| LnDspp, i )dxodrs < W*(zo; F) + 0.
n—-+00 k—+oo 2 Q'x(=1,1)
Furthermore, we have,

Jim ot okl oo -1 ms) = 0.

19



n
By a standard diagonalization process, we can find an increasing sequence {k(n)}, with k(n) / +oo such
that, if we set ¢, = @y, k(n)»

1 — —
lir+n 5/ W (zo, x3; F' + Dodp|LnDspy)dredrs < W*(zo; F) + 0, (4.3)
n— 400 (-1,1)

and ¢, — 0 in LP(Q' x (—1,1); R?). By virtue of the coercivity hypothesis (1.1),
[(DatnlLnDsdn)l e (@ x (—1,1);m3x3) < C.
We define the following sequence of non negative bounded Radon measures
An = (1 + [(Dadn|LnD3dy)|") XQ/x(71,1)£3-

The coercive character (1.1) of W permits to assert that, up to a subsequence (not relabelled), there
exists a non negative bounded Radon measure A such that

An = X in M (R3).

We cut ¢, near the lateral boundary to obtain a sequence which vanishes on 9Q" x (—1,1). Let 6 €
C(Q') a cut-off function defined by

ben) = {1 if 2, €Q(0,1—1/k),
FTa) =000 i 2a € Q0,1 —1/(k + 1)), (4.4)
[Dabilli=qy < CK?,

We set ¢F := 0y¢,, since ¢F =0 on 0Q" x (—1,1), (4.3) together with (4.4) yields
— 1 —
W*(xo; F) > liminf liminf 7/ W (zo,23; F + Do¢® |LnDs¢F )daodaxs — 6
Q'(0,1—5)x(=1,1)

k—-+o00 n—+00

1 _
> liminf liminf - / W (zo,x3; F + Do¢® | LnDs¢F )da o das
Q'x(-1,1)

k—+4o00 n—-4o0

1 —
—  limsup limsup= / W (o, x3; F+Do¢F | LnDs¢F )da o das
koo n—to0 2J(Q(0,1- F)\Q/(0,1- ) x (- 1,1)

- o FR s e (0@ (01 ) ) -
e ) gt (O (¢ (0153 )@ (017 ) «)

+ C’k2p/ |¢npdx} — 4. (4.5)
Q'x(-1,1)

Since Q’(0,1 — 1/k) is an increasing sequence of open sets, the union of which is Q’, we get

o , 1 _
tim sup lim sup A"((Q (0’1 k+1)\Q( ! k))x( 1’”)
SN / ’ 1 _
S%?fz‘;w((@ (1= (0r-g)) >>
< limsup A ((Q’\Q/ (0,1 1>> y [1,1]) —0.
k——4o00 kE—1
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Using the fact that ¢,, — 0 in LP(Q" x (—1,1);R3) and letting § tend to 0 in (4.5), we finally get
W*(zo; F) > W(xo; F).
]

Now that W and Q"W are expressed in near identical manner, Remarks 3.12 and 3.13 immediately imply
that for all F € M3*2 and for a.e. 2y € w, there exists by € R3 such that

W(zo; F) = nel%Rr% Q*W (xo; F|2z) = Q"W (z0; F|bo)-
In the absence of bending moments, the linear form L given by (3.1) does not depend upon b and we
may perform explicitly the minimum in b in the limit minimization problem. For v € WP(w;R3), a

classical measurability selection criterion (§ee [9], Chapter VIII, Theorem 1.2), together with the coercivity
condition (3.13), implies the existence of by € LP(w;R3) such that for a.e. 2o € w,

W (zo; Dau(zg)) = mi% Q*W (x0; Dou(g)|2) = Q*W (z0; Dau(z0)|bo(20)).

z€eR
Thus,
_inf /Q*W(aza;Dau|B)d$a < /Q*W(za;DauEO)dxa
beLr(w;R3) Jw w
= /E(xa;Dau)dxa
= min Q*W (zs; Doulz)dx,
w Z€R3
< /Q*W(:Ca;Dau|B)dsca, (4.6)
w

where the last inequality holds for all b € LP(w;R3). Taking the infimum in b in the last term of (4.6),
the inequalities become equalities thus

~inf /Q*W(xa;Dau|E)dma:/E(xa;Dau)dxa.
beLP(w;R3) Jw w

This shows that Theorem 2.3 is recovered from Theorem 3.4.
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